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Chapter 8: Radicals

8.1

Radicals - Square Roots
Square roots are the most common type of radical used. A square root “un-
squares” a number. For example, because 52 =25 we say the square root of 25 is 5.

The square root of 25 is written as v/25. The following example gives several
square roots:

Example 1.

v121 =11
V625 =25
v/— 81 = Undefined

SR

The final example, /— 81 is currently undefined as negatives have no square root.
This is because if we square a positive or a negative, the answer will be positive.
Thus we can only take square roots of positive numbers. In another lesson we will
define a method we can use to work with and evaluate negative square roots, but
for now we will simply say they are undefined.

Not all numbers have a nice even square root. For example, if we found /8 on
our calculator, the answer would be 2.828427124746190097603377448419... and
even this number is a rounded approximation of the square root. To be as accu-
rate as possible, we will never use the calculator to find decimal approximations of
square roots. Instead we will express roots in simplest radical form. We will do
this using a property known as the product rule of radicals

Product Rule of Square Roots: vVa-b=+/a - Vb

We can use the product rule to simplify an expression such as v/36-5 by spliting



it into two roots, v/36 - v/5, and simplifying the first root, 61/5. The trick in this

process is being able to translate a problem like /180 into v/36-5. There are sev-
eral ways this can be done. The most common and, with a bit of practice, the
fastest method, is to find perfect squares that divide evenly into the radicand, or
number under the radical. This is shown in the next example.

Example 2.

V75 T5isdivisible by 25, a perfect square
Vv25-3  Splitinto factors
Product rule, take the square root of 25

Our Solution

If there is a coefficient in front of the radical to begin with, the problem mearly
becomes a big multiplication problem.

Example 3.

5v/63  63isdivisible by 9, a perfect square
5v/9-7  Splitinto factors
5v/9-+/7  Product rule, take the square root of 9
5-3v/7  Multiply coefficients
15v/7  Our Solution

As we simplify radicals using this method it is important to be sure our final
answer can be simplifyied no more.

Example 4.

V72 72isdivisible by 9, a perfect square
v9-8  Splitinto factors
V9 -4/8  Product rule, take the square root of 9
3v/8  But8isalso divisible by a perfect square, 4
3v/4-2  Splitinto factors
3v4-v/2  Productrule, take the square root of 4



3-2v2  Multiply
6v2  Our Solution.

The previous example could have been done in fewer steps if we had noticed that
72 =36 - 2, but often the time it takes to discover the larger perfect square is more
than it would take to simplify in several steps.

Variables often are part of the radicand as well. When taking the square roots of

variables, we can divide the exponent by 2. For example, Vit = 2%, because we
divide the exponent of 8 by 2. This follows from the power of a power rule of
expoennts, (z%)? = 8. When squaring, we multiply the exponent by two, so when
taking a square root we divide the exponent by 2. This is shown in the following
example.

Example 5.

-5 \/W 18isdivisible by 9, a perfect square
—54/9-22%521%  Split into factors
—5V9 V2Vt \/F V210 Product rule, simplify roots, divide exponents by 2
—5-32%y°2°v/2  Multiply coefficients
—152%%2°v/2  Our Solution

We can’t always evenly divide the exponent on a variable by 2. Sometimes we
have a remainder. If there is a remainder, this means the remainder is left inside
the radical, and the whole number part is how many are outside the radical. This
is shown in the following example.

Example 6.

2025y°2%  20isdivisible by 4, a perfect square
4-5x%y%2%  Split into factors
NZRRVERRVER \/? /28 Simplfy, divide exponents by 2, remainder is left inside
222y*23/5ry  Our Solution



Simplify.

1) /245

3) V36

5) V12

7) 312

9) 6/128

11) —8v/392
13) V192n

15) V1960°
17) V25242
19) —V100k*
21) — 76421
23) —5v/36m
25) \/4bay?
27) /1627y
29) /320z"y"
31) 34/320z%y*
33) 51/24522y3
35) — 2v180uPv

37) —8y/180x%y%24

39) 2¢/80h %k

41) —4+/54mnp?

Practice - Square Roots

2) V125

4) v/196

6) VT2

8) 5v/32

10) 7v/128

12) —7/63
14) v/343b

16) V10013
18) V20043
20) —44/175p*
22) —2v128n
24) 8\/112p?
26) V72a30*
28) V512a%h?
30) V512m*n?

32) 8v/98mn
34) 2./725%>
36) —5/722%y"
38) 6v/50abc?

40) —+/32xy?2?
42) —84/32m*p*q



8.2
Radicals - Higher Roots

While square roots are the most common type of radical we work with, we can
take higher roots of numbers as well: cube roots, fourth roots, fifth roots, etc. Fol-
lowing is a definition of radicals.

wa=>bif b"=a

The small letter m inside the radical is called the index. It tells us which root we
are taking, or which power we are “un-doing”. For square roots the index is 2. As
this is the most common root, the two is not usually written. The following
example includes several higher roots.

Example 7.

Y125=5| /—64=—4
V81=3]| Y—128=-2
/32 =2 |4/=16 = undefined

We must be careful of a few things as we work with higher roots. First its impor-

tant not to forget to check the index on the root. V81 =9 but W = 3. This is
because 92 = 81 and 3* = 81. Another thing to watch out for is negatives under
roots. We can take an odd root of a negative number, because a negative number
raised to an odd power is still negative. However, we cannot take an even root of
a negative number, this we will say is undefined. In a later section we will discuss
how to work with roots of negative, but for now we will simply say they are unde-

fined.

We can simplify higher roots in much the same way we simplified square roots,
using the product property of radicals.

Product Property of Radicals: ¥ab ="Ya - Vb

Often we are not as familiar with higher powers as we are with squares. It is
important to remember what index we are working with as we try and work our
way to the solution.

Example 8.

V54  Weare working with a cubed root, want third powers
23=8 Test2,23=28, 54is not divisible by 8.
33=27 Test3,33=27,54isdivisible by 57!
m Write as factors
}/27-%/2  Product rule, take cubed root of 27
3%/2  OurSolution



Just as with square roots, if we have a coefficient, we multiply the new coefficients
together.

Example 9.

33/48  We are working with a fourth root, want fourth powers
24=16 Test2,2*=16,48isdivisible by 16!
33/16-3  Writeas factors
3316 -3/3  Product rule, take fourthroot of 16
3-23/3  Multiply coefficients
63/3  OurSolution

We can also take higher roots of variables. As we do, we will divide the exponent
on the variable by the index. Any whole answer is how many of that varible will
come out of the square root. Any remainder is how many are left behind inside
the square root. This is shown in the following examples.

Example 10.

3/2%y'7z3  Divide each exponent by 5, whole number outside, remainder inside
25y% 3/y%2*  Our Solution

In the previous example, for the z, we divided % =5R0, so 2° came out, no z’s
remain inside. For the y, we divided % = 3R2, so y* came out, and y? remains

inside. For the z, when we divided %: 0R3, all three or 2% remained inside. The
following example includes integers in our problem.

Example 11.

2 3/40a%b3 Looking for cubes that divide into 40. The number 8 works!
2%/8-5a**  Take cube root of 8, dividing exponents on variables by 3
2-2ab? /5ab?  Remainders are left in radical. Multiply coefficients
4ab® 3/5ab?  Our Solution



Simplify.

1) /625

3) /750

5) /875

7) —431/96

9) 61/112

11) —V112
13) V64842
15) /22413
17) 3/224p°
19) —31/896r
21) — 23/~ 4807
23) — 73/320n°

25) 3/~ 13527
27) /= 32"y"
29) 3/25627y°

31) 73/— 8123y7
33) 23/375u20®

35) — 3192ab?
37) 63/— 54mPn3p”
39) 61/64825y 722

41) 7A/128h5j3%3

Practice - Higher Roots

2) /375

4) /250

6) /24

8) —8V/48

10) 3V/48

12) 53/243

14) V64n?

16) /= 962°

18) /25645

20) — 8V/3844°
22) 43/250a5

24) —¥/512n8
26) V/64u50?

28) 3/1000a%0°
30) 1/1892%
32) —43/562%y°
34) 8%/~ 7501y
36) 33/135x1°
38) —61/80mpT¢*
40) — 61/405a°b°¢
42) —61/32427y ="



8.3

Radicals - Add/Subtract Radicals

Adding and subtracting radicals is very similar to adding and subtracting with
variables. Consider the following example.

Example 12.

S5x +3x —2x  Combine like terms

6x  Our Solution

5v/11 +3v11 —2v/11  Combine like terms
6v/11  Our Solution

Notice that when we combined the terms with /11 it was just like combining

10



terms with . When adding and subtracting with radicals we can combine like
radicals just like like terms. We add and subtract the coefficients in front of the
radical, and the radical stays the same. This is shown in the following example.

Example 13.

7/6+43/3—-9%/34+3/6 Combinelikeradicals 7 /6 +3/6 and43/3 —83/3
836 —53/3  OurSolution

We cannot simplify this expression any more as the radicals do not match. Often
problems we solve have no like radicals, however, if we simplify the radicals first
we may find we do in fact have like radicals.

Example 14.

5v/45 +64/18 —2¢/98 + /20  Simplify radicals, find perfect square factors
5v/9-54+6v9-2 —2v/49-2 ++/4-5 Takeroots where possible
5-3v5+6-3vV2 —2-7TvV/2 + 25 Multiply coefficients
15v5 +18v/2 — 1424+ 2v/5  Combine like terms
17v5+4v2  Our Solution

This exact process can be used to add and subtract radicals with higher indicies

Example 15.

43/54 —93/16+53/9  Simplify each radical, finding perfect cube factors
4 ?{/m -9 ?{/8_2 +5 ?(/g Take roots where possible
4-3%/2-9-23/2+53/9 Multiply coefficients
12%/2 —183/2+5%/9  Combien like terms 12 3/2 — 18 3/2
—63/2+5%/9  OurSolution

11



Practice - Add and Subtract Radicals

Simiplify
1) 2v/54+2v5 +2v5

3) —3v2+3vV5+3V5

5) —2v6 —2v6 -6

7) 3V6 +3v5 +2V/5

9) 2v/2 —3V18 — /2

11) —3v6 — V12 +3V/3

13) 3v2 +2v/8 — 3118

15) 3v18 — 2 - 32

17) —3v6—3v6 —v3+3V6
19) —2v/18 —3v/8 — /20 +2v/20
21) —2v/24 —2v/6 +2v6 +2v/20
23) 3v/24 — 3v/27 + 26 4 21/8
25) —2%/16 +23/16 — 23/2

27) 21/243 — 21/243 - V/3

29) 3V2 — 2V/2 — /243

31) —3/324 +3Y/324 - 3V/4

33) 2V2 +2V3 +3V64 - V3

35) —3%/6 — /64 +23/192 — 23/160

37) 23/160 — 23/192 — /160 — }/— 160
39) —$/256 — 28/4 — 38/320 — 2/128

2) —3v6—3v3-2V3
4) —2v6—v3-3V6
6) —3v3+2V3-2V3
8) —v5+2v3-2V3
10) — /54 — 36+ 3v27
12) —v5—V5—2V54

14) 2v/20 4+2v/20 — /3

16) —3v/27 +2v3 — /12

18) —2v2 —v2+43vV8+3V6
20) —3v18 —v8+2V8+28

22) —3v8 — /5 —-3v6+2/18
24) 2¢/6 — /54 — 327 — /3
26) 33/135 — /81 —3/135
28) —3V/4 +31/324 + 2V/64

) 2V/6 +2V/4 + 3V/6
32) —2V/243 — /96 +21/96

) 2V/48 — 3V/405 — 33/48 — /162
36) 28/256 — 21/256 — 3V/2 — /640

38) — 21/256 — 21/256 — 3V/2 — /640

40) —3V/3 —3V/768 +2V/384 +3V/5

12



8.4
Radicals - Multiply and Divide Radicals

Multiplying radicals is very simple if the index on all the radicals match. The
prodcut rule of radicals which we have alread been using can be generalized as fol-
lows:

Product Rule of Radicals: a /b - ¢ Vd = ac Vbd

Another way of stating this rule is we are allowed to multiply the factors outside
the radical and we are allowed to multiply the factors inside the radicals, as long
as the index matches. This is shown in the following example.

Example 16.

— 514 - 46 Multiply outside and inside the radical
—20v/84  Simplify the radical, divisible by 4
—20v/4-21  Take thesquare root where possible
—20-2v/21  Multiply coefficients
— 40421  Our Solution

The same process works with higher roots

Example 17.

23/18-63/15  Multiply outside and inside the radical
123/270  Simplify the radical, divisible by 27
12%/27-10  Take cuberoot where possible
12-33/10  Multiply coefficients
363/10  Our Solution

When multiplying with radicals we can still use the distributive property or FOIL
just as we could with variables.

Example 18.

7v/6(3v/10 —5v/15)  Distribute, following rules for multiplying radicals
2160 —35v/90  Simplify each radical, finding perfect square factors
21v4-15 —35v/9-10  Take square root where possible
21-2v15—35-3v10  Multiply coefficients
424/15 —105v/10  Our Solution

13



Example 19.

(V5 —2v/3)(4v/10 + 6/6)

44/50 + 64/30 — 8v/30 — 121/18
44/25 -2 4 6/30 — 8/30 — 12¢/9 -2
4-4v/2 + 6430 — 8v/30 — 12-3v/2
16v/2 4 61/30 — 8/30 — 361/2
—20v2 — 230

Example 20.

(2v/5 = 3V6)(7v2 —8V7)

14v/10 — 16v/35 — 21/12 — 24+/42
14v/10 — 16v/35 — 21v/4 - 3 — 24/42
14v/10 — 16v/35 — 21 - 2v/3 — 241/42
14v/10 — 16/35 — 421/3 — 24/42

FOIL, following rules for multiplying radicals
Simplify radicals, find perfect square factors
Take square root where possible

Multiply coefficients

Combine like terms

Our Solution

FOIL, following rules for multiplying radicals
Simplify radicals, find perfect square factors
Take square root where possible

Multiply coefficient

Our Solution

As we are multiplying we always look at our final solution to check if all the radi-
cals are simplified and all like radicals or like terms have been combined.

Division with radicals is very similar to multiplication, if we think about division
as reducing fractions, we can reduce the coefficients outside the radicals and
reduce the values inside the radicals to get our final solution.

Quotient Rule of Radicals: a_\/B =2 ”\1/E
c¥Vd c\Vd

Example 21.
12;% Reduce ;—(5) and :{/g by dividing by 5 and 2 respectively
3 Zﬁ Simplify radical, 54 is divisible by 27
33?@ Take the cube root of 27
3 34% Multiply coefficients
) z/ﬁ Our Solution

There is one catch to dividing with radicals, it is considered bad practice to have

a radical in the denominator of our final answer.

If there is a radical in the

denominator we will rationalize it, or clear out any radicals in the denominator.

14



We do this by multiplying the numerator and denominator by the same thing.
The problems we will consider here will all have a monomial in the denominator.
The way we clear a monomial radical in the denominator is to focus on the index.
The index tells us how many of each factor we will need to clear the radical. For
example, if the index is 4, we will need 4 of each factor to clear the radical. This
is shown in the following examples.

Example 22.

Index is 2, we need two fives in denominator, need 1 more

Multiply numerator and denominator by v/5

s
Ay S5 g

Our Solution

Example 23.
3V11

V2
3411 (V23
v \VF

Index is 4, we need four twos in denominator, need 3 more

) Multiply numerator and denominator by V23

31/88

5 Our Solution

Example 24.

43/2
73/25

4%/2

7%/52
432 (V5
V5 \V5

The 25 can be written as 5. This will help us keep the numbers small

Index is 3, we need three fives in denominator, need 1 more

Multiply numerator and denominator by 3/5
43/10
7-5

43/10
35

Multiply out denominator

Our Solution

15



The previous example could have been solved by multiplying numerator and

denominator by /252, However, this would have made the numbers very large
and we would have needed to reduce our soultion at the end. This is why re-
writing the radical as /52 and multiplying by just /5 was the better way to sim-
plify.

We will also always want to reduce our fractions (inside and out of the radical)
before we rationalize.

Example 25.

(@)
2
S

Reduce coefficients and inside radical

<

Index is 2, need two elevens, need 1 more

[\
ﬁ‘
—

Multiply numerator and denominator by v/11

é\i
EE]

s

(N}
—_
—_

Multiply denominator

E

Our Solution

[\
[\]

The same process can be used to rationalize fractions with variables.

Example 26.
18 3/62%yz
84/10xy523

9 V322 Index is 4. We need four of everything to rationalize,

44 /5y223 three more fives, two more y’s and one more z.

Reduce coeflicients and inside radical

/902 [ 4/53,2
AL < Yy ) Multiply numerator and denominator by 1/5%y22

44/5y223 \ /53y22

94/3752%y°2

4-5yz

94/3752%y°2

20y z

Multiply denominator

Our Solution

16



Practice - Multiply and Divide Radicals

State if the given functions are inverses.

1) 3v/5 - — 416 2) —5v10-V15
3) V12m -\/15m 4) Vor® - = 5V10r2
5) Via®- /220 6) 3¥/4a*-/10a°
7) V6(vV2+2) 8) VI0(v/5 +v2)
9) —5v15(3v3 +2) 10) 5V15(3v3 +2)
11) 5v10(5n +v2) 12) V15(v/5 — 3v/3v)
13) (2+2v2)(-3+V2) 14) (—2+v3)(=5+2V3)
15) (V5 =5)(2v/5 - 1) 16) (23 +v/5)(5V3 + 2v/4)
17) (V2a +2v/3a)(3v2a + v/5a) 18) (—2v2p +5v5)(v5p + /5p)
19) (=5-4V3)(-3-4V3) 20) (5v2 — 1)( — v2m +5)
21) w% 22) g
23) 4% 24) %
25) 2 26) 22
27) 35 28) 22
29) T 30) i
31) L2 32) Yo
33) 20 3) 2
) W 36) /2
5V5rt 4
37) s 38) =

17



8.9

Radicals - Rationalize Denominators

It is considered bad practice to have a radical in the denominator of a fraction.
When this happens we multiply the numerator and denominator by the same
thing in order to clear the radical. In the lesson on dividing radicals we talked
about how this was done with monomials. Here we will look at how this is done
with binomials.

If the binomial is in the numerator the process to rationalize the denominator is
essentially the same as with monomials. The only difference is we will have to dis-
tribute in the numerator.

Example 27.

V3-9

5 Want to clear v/6 in denominator, multiply by v/6

S

6

5Is

(V3-9)
2V/6

) We will distribute the v/6 through the numerator

18



V18 — 9v/6

——————— Simplify radicals in numerator, multiply out denominator

2-6
m Take squareroot where possible
% Reduce by dividing each term by 3
w Our Solution

It is important to remember that when reducing the fraction we cannot reduce
with just the 3 and 12 or just the 9 and 12. When we have addition or subtrac-
tion in the numerator or denominator we must divide all terms by the same
number.

The problem can often be made easier if we first simplify any radicals in the
problem.

2v/202° — V1222

18x

Simplify radicals by finding perfect squares

2V4 523 — /4 322
V9 2x

2.9222%/51 — 223
3V 2x

42%/5x — 223
3V 2z

(4252 —22v/3) [ V2zx
3v2x ors

Simplify roots, divide exponents by 2.

Multiply coefficients

Multiplying numerator and denominator by v/ 2z

Distribute through numerator

422V102? — 224/62  Simplify roots in numerator,
3-2x multiply coefficients in denominator

423v/10 — 22/ 62
6z

Reduce, dividing each term by 2x

19



222v/10 — /62

Our Solution
3z

As we are rationalizing it will always be important to constantly check our
problem to see if it can be simplified more. We ask ourselves, can the fraction be
reduced? can the radicals be simplified? These steps may happen several times on
our way to the solution.

If the binomial occurs in the denominator we will have to use a different strategy
to clear the radical. Consider ﬁ, if we were to multiply the denominator by

V3 we would have to distribute it and we would end up with 3 — 5v/3. We
haven’t cleared the radical, only moved it to another part of the denominator. So
our current method will not work. Instead we will use what is called a conjuage.
A conjugate is made up of the same terms, with the opposite sign in the middle.
So for our example with v/3 — 5 in the denominator, the conjugate would be v/3 +
5. The advantage of a conjugate is when we multiply them together we have
(v/3 — 5)(v/3 + 5), which is a sum and a difference. We know when we multiply
these we get a difference of squares. Squaring v/3 and 5, with subtraction in the
middle gives the product 3 — 25 = — 22. Our answer when multiplying conjugates
will no longer have a square root. This is exactly what we want.

Example 28.

9
V3-5

Multiply numerator and denominator by conjugate

V3 =5\ V3+5

2 - . . .
< V345 ) Distribute numerator, difference of squares in denominator

2V/3+10 . ,

395 Simplify denoinator

2\/_3—;210 Reduce by dividing all terms by — 2
% Our Solution

In the previous example, we could have reduced by dividng by 2, giving the solu-

. V345

tion ———, both answers are correct.

Example 29.

V15

——~ " Multilpy by conjugate, v/5 —v/3
V5 +4/3

20



V15 [V5—
V5 +V3\ V5 -

V75— V45
© 5-3

il

5v3-3v5
2

Example 30.

2\/ 3z
4 —+/5x3

23z <4+@>

—Vbx3\ 44 /53
8v3x + 2V 1524

16 — Ha3
8v3x + 22215
16 — 5a3

Distribute numerator, denominator is difference of squares

Simplify radicals in numerator, subtract in denominator

Take square roots where possible

Our Solution

Multiply by conjugate, 4 + v/ 53

Distribute numerator, denominator is difference of squares

Simplify radicals where possible

Our Solution

The same process can be used when there is a binomial in the numerator and
denominator. We just need to remember to FOIL out the numerator.

Example 31.

S

&

3—V5[2+3
23\ 2+3

6+3v3 —2v5 —V15
4-3
6+3v3—2v5—V15
1

Multiply by conjugate, 2 + /3

FOIL in numerator, denominator is difference of squares

Simplify denominator

Divide each term by 1

21



6+3v3 —2v5—+15  Our Solution

Example 32.

2v/5 — 37
5v/6 +4v/2

2\/5—3\/7<5\/6—4\/§>

5v6 +4v2 \ 5v6 — 42
10v/30 — 8v/10 — 15+/42 + 12/14

25-6—-16-2
10v30 —8v10 — 15v42 +12v/14
150 — 32
10v30 — 8v10 — 15v42 +12v/14
118

Multiply by the conjugate, 5v/6 — 4v/2

FOIL numerator,
denominator is difference of squares

Multiply in denominator

Subtract in denominator

Our Solution

The same process is used when we have variables

Example 33.

3V 2x + Va3

5 — 3z

S5 —V3x

3V 2x + Vdx? ( 5 +V3x

5 ++v3z

Multiply by the conjugate, 5x +v/3x

denominator is difference of squares

) FOIL in numerator,

1522V 2z + 3xV6x% 4+ brVixd + V1224

Simplify radicals

2512 — 3x

152221 + 322V6 + 1022/7 + 2223

2522 — 3x

15222 + 326 + 10x+y/x + 22/3

Divide each term by x

Our Solution

25z —3

22



Practice - Rationalize Denominators

Simplify.

4423
1) +¢§

4423
3) 5v/4

2-5V5
5) Wir:

V2 -3V3
)

9) 2p+ 34/ 5p?
5+/20p2

1 1) 5v12m#4

5
13) 3V5+V2

ot

+V5z2

5
29) 24513

5
31) —5v —3yv

42 +3
33) 3V2+V3

25
—-3+5

35)

V3m?2 —4vV2m?

5v2+/3
37) 5+5v2

V342
23 -2

39)

2
V3—V2
41) 4+5

4+2v222
43) 5+ 2v/523

2v3m?2 — vV2m?
45) 5 —+3m?2
2b — 5v/2b
47) —14+V2p4
2 -2z

49) 4z — 5323

—4p—\/p
o1
—

—4+3
2) NG

23 -2
4) i

V5 +4
6) Vit

V5 -2
8) 3v6

5 —V 3zt
2v/19x2

10)

3v2rt —vV3rt

12) V14r3

5
) Zvavs
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20) ——>

25 +2V3
22) ﬁ
24) %
26) = —
%) v
30) ﬁ
32) v
34) _55:—;3?
) et S
2v/5 +5v/2

38)

40)

42)

44)

46)

48)

50)

52)

24

42 +2V3
V5 —4

V3 -5
4—/2

2v/2—/3
VB33

3v/pt+/5p
4—/2p*

4o — 2V202
—4—5\v

—4n —V3n?
—3—+Vnt

3a +2v242
3 —5v3a2

4—+sz
— 22 — V322



8.6

Radicals - Rational Exponents

When we simplify radicals with exponents, we divide the exponent by the index.
Another way to write division with with a fraction bar. This idea is how we will
define rational exponents.

Definition of Rational Exponents: am = (Wa)™

The denominator of a rational exponent becomes the index on our radical, like-
wise the index on the radical becomes the denominator of the exponent. We can
use this property to change any radical expression into an exponential expression.

Example 34.

Index is denominator
Negative exponents from reciprocals

() =at | (¥/32)°=(30)
1 _3 1 *%

@ar " | @ Y

We can also change any rational expoennt into a radical expression by using the
denominator as the index.

Example 35.

agz(?’ a)b (2mn)§:(7\/2mn)2

Index is denominator
_4 1 _2 1 N t ¢ . 1
f=—— | (zy) Y= e— egative exponent means reciprocals

’/7y)*

The ability to change between exponential expressions and radical expressions
allows us to evaluate problems we had no means of evaluating before by changing
to a radcal.

Example 36.

4
27 3 Change toradical, denominator is index, negative means reciprocal

(3\5/:2[_7>4 Evaluate radical
1
——  Evaluate exponent
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1
—  QOursolution

81

The largest advantage of being able to change a radical expression into an expo-
nential expression is we are now allowed to use all our exponent properties to sim-
plify. The following table reviews all of our exponent properties.

Properties of Exponents

a™a" =aqmt" (ab)™=a™p™ E L
am
- oy L
ar b) bm a—m
—-m pm
m\n _ ,mn 0__ 1 (g) —
(a™"=a a 7, o

When adding and subtracting with fractions we need to be sure to have a
common denominator. When multiplying we only need to multiply the numera-
tors together and denominators together. The following examples show several
different problems, using different properties to simplify the rational exponents.

Example 37.

2 1 1 1
a®b?asb5 Need common denominatorona’s(6) and b's (10)
4 5 1 2
a5b1 asb®  Addexponentsona’sandb’s
5 7
a%b1  Our Solution

Example 38.
FEN 3
(:p3 e ) Multiply 1 by each exponent
13
x4y  Our Solution

Example 39.

2 15

x2y3 . 21'2 yG .
- In numerator, need common denominator to add exponents
z2y0

26



SIS
o e

-2 . . .
Y - Y Add exponents in numerator, in denominator, y° =1
220
5 9
2x2 yﬁ
- Subtract exponents on x, reduce exponent on y
2
3
20~ 'y2  Negative exponent moves down to denominator
3
2
2y Our Solution
x
Example 40.
_1
1o2\73
2bx3 Y5 Using order of operations, simplify inside parenthesis first
91% yfg Need common denominators before we can subtract exponents
1
5 4\ 2  Subtract exponents, be careful of the negative:
2515 Y10
e A AV R T
Grtey 10 10 10/ 10 10 10

7 19

25%$—% y20

7
3x30
19

Sy

The negative exponent will flip the fraction
1
The exponent 5 goeson each factor

1 1
Evaluate 92 and 252 and move negative exponent

Our Solution

It is important to remember that as we simplify with rational exponents we are
using the exact same properties we used when simplifying integer exponents. The
only difference is we need to follow our rules for fractions as well. It may be worth
reviewing your notes on exponent properties to be sure your comfortable with
using the properties.
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Practice - Rational Exponents

Write each expression in radical form.
3

1) ms 2) (10r)

4

4) (6b) =

N o

3) (Tz)

Write each expression in exponential form.

5) —1 6) Vv

(V6z)3
1
7) (%)7 8) V 5(1,

Simplify. Your answer should contain only positive exponents.

1 3 2
13) yas-zy? 14) 4v3 .71
11 3.,-210
15) (a2b2)~ 16) (z3y~7)
17) < 207y
) 5ot 18) ——
3 2x§y72

3 7
atb—1. b4 2
23) 3p—1 24) _; _EZ/ T
s @ Ay 3.zy2
25) —w ° R
y~ -2y g 26) ab” .12b 24
3 4a 2b 3
m2n—2 T _13
27) ( 4 71)4 28) (y 2)2
=
1
29) o) 30) —%—
ni (zty—1)3
_4 1 1 4
31) (x 3y 3-y~! 32) (x2y°) 3
x%y72 y4_x72y*§
2% y%y—2 3
33) ) 34) (5—)?
v 42 (xz3y3) 2
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8.7

Radicals - Mixed Index

Knowing that a radical has the same properties as exponents (written as a ratio)
allows us to manipulate radicals in new ways. One thing we are allowed to do is
reduce, not just the radicand, but the index as well. This is shown in the fol-
lowing example.

Example 41.
8/2%?  Rewrite as raitonal exponent
(xﬁyz)é Multiply exponents
:cg yg Reduce each fraction
x%y% All exponents have denominator of 4, this is our new index
V2%y  Our Solution

What we have done is reduced our index by dividing the index and all the expo-
nents by the same number (2 in the previous example). If we notice a common
factor in the index and all the exponnets on every factor we can reduce by
dividing by that common factor. This is shown in the next example

Example 42.

Vac®  Indexand all exponents are divisible by 3
Va23%  Our Solution

We can use the same process when there are coefficients in the problem. We will
first write the coefficient as an exponential expression so we can divide the
exponet by the common factor as well.

Example 43.

V8mn®  Write 8 as 23
V23mbn®  Indexandall exponents are divisible by 3
¥2m?n Our Solution
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We can use a very similar idea to also multiply radicals where the index does not
match. First we will consider an example using rational exponents, then identify
the pattern we can use.

Example 44.

Vab? Va®  Rewrite asrational exponents

1 1
(ab*)3(a®b)*  Multiply exponents
1 2 2 1
a3b3atb* Tohaveoneradical need a common denominator, 12
4 8 6 3
a2 b12 g2 p12 Write under a single radical with common index, 12

o8t Add exponents
¥/a%  Our Solution

To combine the radicals we need a common index (just like the common denomi-
nator). We will get a common index by multiplying each index and exponent by
an integer that will allow us to build up to that desired index. This process is
shown in the next example.

Example 45.

Va®? Va®  Common indexis 12.
Multiply first index and exponents by 3, second by 2
VaS%a?  Add exponents
¥/a%1  Our Solution

Often after combining radicals of mixed index we will need to simplify the
resulting radical.

Example 46.

/23yt 3/2%y  Common index: 15.

Multiply first index and exponents by 3, second by 5

/2% 22195  Add exponents

/97 Simplify by dividing exponents by index, remainder is left inside

zy N/ xly?  Our Solution

Just as with reducing the index, we will rewrite coefficients as exponential expres-
sions. This will also allow us to use exponent properties to simplify.
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Example 47.

{/42%y 3/8xy® Rewrite 4 as2?and 8 as 23
3/222%y \/2%ry?  Common index: 12.
Multiply first index and exponents by 4, second by 3

/2%89%2%3y°  Add exponents (even on the 2)

/213211413 Simplify by dividing exponents by index, remainder is left inside
2y ¥/2z'y  Our Solution

If there is a binomial in the radical then we need to keep that binomial together
through the entire problem.

Example 48.

V3z(y+2)3/92(y+2)? Rewrite9as 32

VI ) YT
§/3323(y +2)%3%2%(y + 2)!  Add exponents, keep (y + z) as binomial

W Simplify, dividing exponent by index, remainder inside

3(y+2)8/32°(y+2)  OurSolution

The same process is used for dividing mixed index as with multilpying mixed
index. The only difference is our final answer can’t have a radical over the denom-
inator.

y+2)> Common index: 6. Multiply first group by 3, second by 2

Example 49.
6 x4y322
8 5 Common index is 24. Multiply first group by 4, second by 3
xy*z
16, 12,8
221%653 Subtract exponents
24/2 75,65

x°y°z°  Negative exponent moves to denominator

Can’t have denominator in radical, need 12x’s, or 7 more
12/ 9825 [ 12/ 27 . . 12
— — Multiply numerator and denominator by V7
x

Our Solution
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Practice - Radicals of Mixed Index

Reduce the following radicals.

1) Y162y 2) Y927y
3) 642158 1) 4\/%
5) 6\/1967;; 6) 15 x9y12z6

7) ¥ty 8) V/64z%y!
9) V/8x%y° 10) /2542

11) 3/82%° 12) /81a%y™
Combine the following radicals.

13) ¥5v6 14) V7V5

5) Va/Ty 16) 3/y /32

17) Vav/z =2 18) /32 Vy 4
19) /2%y /7y 20) vab V2427
21) /22 3/2%y 22) Va2b® Va2b

23) Va2bc? Y/ a2bc 24) /2y 2% /2Py 22
25) v/a Va® 26) 422 §/2°

27) VPV 28) Va? Va?

29) Vxy® /%y 30) V% Vab

31) V9ab? 4/923y 22 32) /2237 3/ x>
33) /31?2 V/92%y 2° 34) Va'b3ct Vabe
35) /27a°(b+1)3/81la(b+1)* 36) /87 (y+ 2)° 3/4x%(y + 2)?
1) V2 3) oo

39) zjjjf 40) i%

W g ) 2L

9 o= “ Vs

45) Yt 46) YO—3°
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8.8

Radicals - Complex Numbers

World View Note: When mathematics was first used the primary purpose was
for counting. Thus they did not origionally use negatives, zero, fractions or irra-
tional numbers. However, the ancient Egyptians quickly developed the need for “a
part” and so they made up a new type of number, the ratio or fraction. The
Ancient Greeks did not believe in irrational numbers (people were killed for
believing otherwise). The Mayans of Central America later made up the number
zero when they found use for it as a placeholder. Ancient Chinese Mathematicians
made up negative numbers when they found use for them.

In mathematics, when the current number system does not provide the tools to
solve the problems the culture is working with, we tend to make up new ways for
dealing with the problem that can solve the problem. Throughout history this has
been the case with the need for a number that is nothing (0), smaller than zero
(negatives), between integers (fractions), and between fractions (irrational num-
bers). This is also the case for the square roots of negative numbers. To work
with the square root of negative numbers mathematicians have defined what are
called imaginary and complex numbers.

Definition of Imaginary Numbers: 2 = — 1 (thusi =+/— 1)

Examples of imaginary numbers include 3i, — 61, %z and 3iv/5. A complex
number is one that contains both a real and imaginary part, such as 2 + 5i.

With this definition, the square root of a negative number is no longer undefined.
We now are allowed to do basic operations with the square root of negatives.
First we will consider exponents on imaginary numbers. We will do this by
manipulating our definition of > = — 1. If we multiply both sides of the definition
by i, the equation becomes i* = — i. Then if we multiply both sides of the equa-
tion again by 4, the equation becomes i* = —i* = — ( — 1) = 1, or simply i* = 1.
Multiplying again by 4 gives i® =14. One more time gives i® =i> = — 1. And if this
pattern continues we see a cycle forming, the exponents on 7 change we cycle
through simplified answers of 2, — 1, — i, 1. As there are 4 different possible
answers in this cycle, if we divide the exponent by 4 and consider the remainder,
we can simplify any exponent on ¢ by learning just the following four values:

Cyclic Property of Powers of 2

33



Example 50.

7 Divide exponent by 4
8R3  Useremainder as exponent on¢
1> Simplify

—14  Our Solution

Example 51.

i*?*  Divide exponent by 4

31 R0  Useremainder as exponent on ¢
i°  Simplify

1 Our Solution

When performing operations (add, subtract, multilpy, divide) we can handel 7 just
like we handel any other variable. This means when adding and subtracting com-
plex numbers we simply add or combine like terms.

Example 52.

(2+5i)+(4—"7i) Combine like terms 2+ 4 and 5 — 7i
6 —27  Our Solution

It is important to notice what operation we are doing. Students often see the
parenthesis and think that means FOIL. We only use FOIL to multiply. This
problem is an addition problem so we simply add the terms, or combine like
terms.

For subtraction problems the idea is the same, we need to remember to first dis-
tribute the negative onto all the terms in the parentheses.

Example 53.

(4—8i)— (3—>5i) Distribute the negative
4 -8 —34+57 Combinelike terms4 — 2 and — &7 + 51
2 —3¢  Our Solution

Addition and subtraction can be combined into one problem.
Example 54.

(5i) — (3+8i)+ (—4+7i) Distribute the negative
5 —3—8i—4+ 7t Combineliketerms 5t —8i+ 7¢and —3 — 4
—T7+47  Our Solution
Multiplying with complex numbers is the same as multiplying with variables with
one exception, we will want to simplify our final answer so there are no exponents

on 1.
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Example 55.

(34)(7i)  Multilpy coefficients and i's
21i%  Simplify i =—1

21(—1) Multiply
—21  Our Solution

Example 56.

5i(3i —7)  Distribute
1572 —35i  Simplifyi®?=—1

15(— 1) —

Example 57.

(2 — 44)(3 + 5i)

6+ 10i — 12i — 202
6+ 10i — 12i — 20( — 1)
6+ 10i — 12 + 20
26 — 2i

Example 58.

(31)(61)(2 — 34)
18i%(2 — 3i)
3642 — 4843

36( — 1) — 48(—1)
— 36+ 48i

35¢  Multiply
357 Our Solution

FOIL

Simplify i = —1

Multiply

Combine like trems 6 + 20 and 107 — 121

Our Solution

Multiply first two monomials
Distribute

Simplify 2= —land ¥ = —1
Multiply

Our Solution

Remember when squaring a binomial we either have to FOIL or use our shortcut
to square the first, twice the product and square the last. The next example uses

the shortcut

Example 59.

(4—57)2  Useperfect square shortcut
42=16  Square the first

2(4)( — 5i) = —

407  Twice the product

(5i)?=251>=25(—1)=—25 Square thelast, simplify i*= — 1
16 — 407 — 25  Combine like terms

—9_

407  Our Solution

Dividing with complex numbers also has one thing we need to be careful of. If 7 is
v—1, and it is in the denominator of a fraction, then we have a radical in the
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denominator! This means we will want to rationalize our denominator so there
are no ¢’s. This is done the same way we rationalized denoinators with square

roots.

Example 60.

7+ 30
— ot

T+3ifi

—5i \ i
Ti + 342
— 572

Ti+3(—1)
=5(=1)

7t —3
3

Just a monomial in denominator, multiply by ¢

Distribute 7 in numerator

Simplify 2= — 1

Multiply

Our Solution

The solution for these problems can be written several different ways, for example

—3+7i
5

or %3 + %z’, The author has elected to use the solution as written, but it is

important to express your answer in the form your instructor prefers.

Example 61.

2—06¢
4+ 8i

2—6i(4—-8i
448\ 4—8&

8 — 167 — 244 + 484>

16 — 6472
8 — 16 — 24i + 48( — 1)
16— 64(—1)
8 — 16i — 24i — 48
16 + 64
— 40 — 40
80
—1—i
2

Binomial in denominator, multiply by conjugate, 4 — 8

FOIL in numerator, denominator is a difference of squares

Simplify 2= — 1

Multiply

Combine like terms 8 — 48 and — 167 — 247 and 16 + 64

Reduce, divide each term by 40

Our Solution
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Practice - Complex Numbers

oo
~
SN~—
—
|
DO
=
—
|
N}
|
08
<
~—

2) ff;%

30) — 43—;— 27

32) — 592’ 9

34) ¢

36)

1-52

4
4461

38)

6—"Ti
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Answers - Square Roots

16) 10ny/n

30) 16m>nv/2n

Answers - Higher Roots

16) —23/32*
17) 2p3/7

18) 22%/4

19) —6Y7r
20) — 16bY/3b
21) 403/6v
22) 20a%3/2
23) — 28n23f
24)

25) —3:Ey\/_
26) Aund/u?
27) —

28) 10aby/ ab?
29) dzy R /4x
30) 3zy*V/7

38

2z y3/4xy

31) 24yv/5z
32) 56v/2mn
33) 35xy\/5y
34) 12zyv/2
35) — 12uv/5uv
36) — 30y%zV2x
37) —482%2%yV/5
38) 30a%cv/2b
39) 852v/5hk
40) —4yzm
41) —12pV6mn
42) — 32p*m~/2q

31) —21zy®R/3y
32) —8y*/Ta?y?
33) 1002/3u2?
34) —40%/6zy
35) — 123/3ab?

36) 9y3/5x

37) — 18m2np*/2m?p

38) — 12mpqi/5p°
39) 18zy3/8zy322
40) — 18b*aV/5ac
A1) 1452k2hN/8h?

42) —18x2\/4xy2?



1) 6v5

2) —3v6—-5V3
3) —3v2+6vV5
4) =56 -3
5) —5v6

6) —3v3

7) 3V6 +5v5

8) —vV5++3

9) —8v2

10) —6v6+9v/3
11) —=3vV6+3
12) —2v5-6V6
13) —2v2

14) 8v/5—/3
15) 5v/2

16) —9v/3

17) —=3v6 -3
18) 3v2 4+ 3v6
19) —12v2+2v/5
20) —3v2

1) —48V5

2) —25v6

3) 6m+/5

4) —25r%/2r

6) 6a23/5a
7) 2v/3 4+ 26

)
)
)
)
5) 2:23/7
)
)
8) 5v2 +2v5

Answers - Add and Subtract Radicals

—4v/6 +4v5
—v5—3V6

23) 8v/6 — 9v/3 + 42

24) —/6 —10v/3

21
22

[\
DO
w
§1

)
) —
)
) —
5)
26) 63/5 —33/3
7) —V3
) 10/4
29) V2 —3V/3
30) 5V/6 +2/4
) 3
)
) 2
)
)
)
) 4
)
)

[\

28

31) 3V4

32) —6V3+2V/6

33) 2V2 +V3 +6V/4
34) —2V3 —9V5-3V2
35) /6 —63/2

36) 103/6 —9¥/5

37) 435 — 4/6

38) —11V2 — 215

39) —48/4 —68/5 —4%/2
40) V3 - 616 +3V5

Answers - Multiply and Divide Radicals

9) —45v5 —10V15

10) 25v/61 + 201215

11) 25n4/10 +10v/5

12) 5v/3 —9v/5

13) —2—-4v2

14) 16 — 9v/3

15) 15— 115

16) 30 +8v/3 +5v15 + 45
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17) 6a + av/10 4 6av/6 + 2av/15 29) %
18) —4pV/10 +50,/p 30) WE
19) 63+ 32v/3 15y2x
20) —10v/m +25v/2 +v2m — 5 31) oL
21) 39) 2/
2) 3 33) VIO
23) o 34 3415
24) 2 N
25) @ 35) =5
26) Y10 36) ¥
o7) 13 37) 2402
28) 12 38) i

Answers - Rationalize Denominators

1) HRE 14) Y320/
- 10— 2v/2
9) Lo 15) 102
23 +/2
3) 28 16) 25+
_ —12-9V3
4) \/34 ! 17) 11
5) 2V/13 — 5v/65 18) —2v2—4
52
1 _
6) Y+ VTT 9) 35
68 20) 53
7) \/6—9
’ 21) 1—+/2
V30 —2V3
8) 1—8 22) 16\/§4—§4\/§
2v5 4+ 15
9) 5; s 23) n2i5
5V19 — 257 —5nv3n +n3 V6n
1) 2L 21) ol
—dm .
11) - tm/s 25) 2
6V7r —v4a2r 5x2 + 3225z
12) S 26) =5
- 20 — 425
13) R 27) S5—ar



2b
—2b2 -1
10 — 5rv/57
4 —5r3
5a+/3 — 20
3a3 — 16a

— 250+ 15V
25v2 — Qv

8v2 —4y/n
8n —n?
24 —4v/6 +9v2 —3V3
15

54 5v3 445+ 4y/15
10

—1++5

4

2v/5 —5v2 — 10+ 5V10
30

—5v24+10—+3+6
5

— 410 — 16v/2 — 215 — 83

28)
29)

30)

31)
32)

33)

34)

35)

36)

37)

38)

11

8+3v6
10

4v/3 + 6 —4/5 — /10
14

39)

40)

1) (/m)’

(¥/10r)3
3) (VTz)?

1
) (/6v)4

1000

43 -V15-4v2+ V10

41) o
49 —2V10+6v6 +v15 -9
) 22
43) 20 — 825z + 10zv/2 — 422/10z
25 — 2023
44) 12p? + 3p*v/2 + 4p\/5p + p>/I0p
16 — 2p*
45 lOm\/§+6m2f5m2\/§fm3\/é
) 25 — 3m?2
46) — 16v + 20v4/v + 8vV/2 — 10vV/2v
16 — 25v
A7 — 2b— 263v/2 + 5v/2b + 1062V
) 1—2b4
—4n —n+v/3
48) —=
49) 8+ 103z — 42z — 526
16z — 75x2
50 9a + 15a2v/3 + 6av/2 + 10a2V/6
) 9 — 75a2
3p —4p\/p+/P
p—p
52) — 8443 +2v5z —/15z

T

Answers - Rational Exponents

4

5

13) z3y2

w
®|%

ol

[y

28)

<
INEe
8
N wo

29)

3
oo T

30)

8 <
N ST e
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Answers - Mixed Index
23) Va5
N i
25) a/a
26) x/x

27) bV
28) aVa®

34) a20%c Va?h 2

35) 9a%(b+1)8/243a%(b+1)°
36) 4a(y+2)* §/22(y+2)
37) ¥ad

38) Va7

39) ¥/a?y®

15
Y a’bll

b

41) Vab'c”
42) yz N/wys
43) 3/(3z - 1)?
44) /(2 +52)°

42

40)




Answers - Complex Numbers

1) 11—4i 17) 11 + 60 32) S+
2) —d4i 18) —32—128i
33) 10i 41
3) —3+9i 19) 80 — 104
4) —1—6i 20) 36 — 36i 34) —2i
5) —3-13 21) 27+ 38i 35) —40i+4
) 101
6) 5— 12 22) — 28+ 76i
] 36) 97 — 45
7) —4-1L 23) 44 + 8i T
8) —3—6i 24) 16 — 18i 37) a8
9) —8—2i 25) —3+11i
. 38) 4— 61
10) 13 — 8i 26) —1+13i 13
11) 48 27) 9i+5 70 + 49i
A 39) 149
12) 24 28) _3;_2 ‘
—36+271
13) 40 i o 40) —55—
29) 1%
14) 32 —30i—5
30) 42 41) ——
15) —49 3
16) 28 — 21 31) 2~ 42) B>
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