4.4

Systems of Equations - 3 Variables

Solving systems of equations with 3 variables is very similar to how we solve sys-
tems with two varaibles. When we had two variables we reduced the system down
to one with only one variable (by substitution or addition). With three variables
we will reduce the system down to one with two variables (usually by addition),
which we can then solve by either addition or substitution.

To reduce from three variables down to two it is very important to keep the work
ogranized. We will use addition with two equations to eliminate one variable.
This new equation we will call (A). Then we will use a different pair of equations
and use addition to eliminate the same variable. This second new equation we
will call (B). Once we have done this we will have two equations (A) and (B)
with the same two variables that we can solve using either method. This is shown
in the following examples.

Example 1.

3r4+2y—z=—1
—2rx —2y+32z=5  Wewill eliminate y using two different pairs of equations
r+2y—z2=3



3r+2y—z=-1
—2x—2y+32=5
(A) =z +22=4

—2x —-2y+32=5

0T +2y—2=3

(B) 3z +22=8
(A) v+22=4

(B) 3z +22=8

— 1z +22)=(4)(— 1)

—r—2z=—-4
—r—2z2=—4
3r+22=8
20 =4

2 2

r=2
(2)+22=4
—2 —2
22=2

2 2

z=1

2y+5=-1
-5 —5
2y=—
2 2
y=-—3
(2,—3,1)

Using the first two equations,

Add the first two equations

This is equation (A), our first equation
Using the second two equations

Add the second two equations

This is equation ( B), our second equation

Using (A) and (B) we will solve this system.
We will solve by addition

Multiply (A) by — 1

Add to the second equation, unchanged

Solve, divide by 2

We now have z! Plug this into either (A) or (B)

We plug it into (A), solve this equation, subtract 2

Divide by 2

We now have z! Plug this and x into any origional equation

We use the first, multiply 3(2) = 6 and combine with — 1

Solve, subtract 5
Divide by 2
We now have y!

Our Solution

As we are solving for x, y,and z we will have an ordered triplet (z, y, z) instead of



just the ordered pair (z, y). In this above problem, y was easily eliminated using
the addition method. However, sometimes we may have to do a bit of work to get
a variable to eliminate. Just as with addition of two equations, we may have to
multiply equations by something on both sides to get the opposites we want so a
variable eliminates. As we do this remmeber it is improtant to eliminate the
same variable both times using two different pairs of equations.

Example 2.

dor —3y+22=-29
6x+2y —2=—16
—8r—y+32=23

dor —3y+22=-29
6x 4+ 2y —2=—16

3(4r —3y+22)=(—29)3
122 — 9y + 62 =— 87

—2(6x+2y—2)=(—16)(—2)
— 120 —4y+22=32

122 — 9y +62=—87
— 120 — 4y +22=232
(A) —13y+8z=-55

6x+2y —2=—16
—8r—y+32=23

4(6x+2y —z)=(—16)4
2dxr+8y —4=—64

3(—8x—y+32)=(23)3
—24x — 3y +92 =69

2dxr+8y —4=—64
—24x — 3y + 92 =69
Sy +52=>

(B)

No variable will easily eliminate.
We could choose any variable, so we chose

We will eliminate z twice.

Start with first two equations. LCM of 4 and 6is 12.
Make the first equation have 12z, the second — 12x

Multiply the first equation by 3

Multiply the second equation by — 2

Add these two equations together
Thisis our (A) equation

Now use the second two equations (a different pair)

The LCM of 6 and — 81s 24.

Multiply the first equation by 4

Multiply the second equation by 3

Add these two equations together

This is our (B) equation



Just as with two variables and two equations, we can have special cases come up
with three variables and three equations. The way we interpret the result is iden-

tical.

(A) —13y+8z=—55
(B)  5y+5z=5

Sy +5z2=>5

—Dby —dy
52=5H—->5Hy

5 5 5

z=1—y
—13y+8(1—y)=-55
—13y+8—8y=—>55

—2ly+8=-55
-8 -8
—2ly=—-63
—-21 —21
y=3
z=1—(3)
z2=—2

Az —3(3)+2(—2)=—29

dr —13=—-—29
+13 +13
4r=—16

4 4
r=—4

Example 3.

or —4y+3z=—4
— 10248y —62=8
152 — 12y 4+ 92=—12

Using (A) and (B) we will solve this system

Thesecond equationissolved for z to usesubstitution

Solving for z, subtract 5y

Divide each term by 5

Plug into untouched equation

Distribute

Combine like terms — 13y — 8y

Subtract 8

Divide by — 21

We have our ! Plug this into z = equations
Evaluate

We have z, now find x from original equation.

Multiply and combine like terms
Add 13

Divide by 4

We have our z!

Our Solution!

We will eliminate x, start with first two equations



Sr—4y+3z=—4 LCMofband — 10is 10.
— 10248y —62=8

2(br —4y+3z)=—4(2) Multiply the first equation by 2
10x —8y+62=—28

10x —8y+62=—8 Add thistothesecond equation, unchanged
— 10248y —6=38

0=0 Atruestatment

Infinite Solutions  Our Solution

Example 4.
3r—4y+z2=2
—9r+ 12y —32=—-5
dr —2y—2=3
3r—4y+z2=2

—9r+ 12y —32=—-5

33z —4y+2)=1(2)3
9z — 12y +32=6

9r — 12y +32=6
— 92+ 12y —32=—-5

0=1
No Solution @

We will eliminate z, starting with the first two equations

The LCMofland —3is3

Multiply the first equation by 3

Add this to the second equation, unchanged

A false statement

Our Solution

Equations with three (or more) variables are not any more difficult than two vari-

ables if we are careful to keep our information organized and eliminate the same
variable twice using two different pairs of equations. It is possible to solve each
system several different ways. We can use different pairs of equations or eliminate
variables in different orders, but as long as our information is organized and our

algebra is correct, we will arrive at the same final solution.
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4.4

Practice - Solving Equations with 3 Variables

Solve each of the following systems of equation.

1)a—2b+c=5
20+b—c=—-1
3a+3b—2c=—4

3)3x+y—z=11

r+3y=2+13
r+y—3z=11
5) x+6y+32=4
204+ y+22=3
3r—2y+2=0
NNr+y+z=6
2—y—2=-3
T —2y+32=6
9) z+y—2=0
r—y—2z2=0
r+y+22=0

11) —2z+y—3z=1
r—4y+2=6
dr+ 16y +42=24

13) 2z +y—32=0
r—4y+2=0
dr 4+ 16y +42=0

15) 3z +2y+22=3
rT+2y—2=95
2z —4y+2=0

17) v —2y+ 3z =4
2 —y+z=-—1
dr+y+z=1

19) x —y+22=0
rT—2y+3z2=-—1
20 —2y+2=-3

21) 4z — 3y +22=40
or + 9y — T2 =47
9r 4+ 8y —32=97

23) 3x+3y—22=13
6x + 2y —52=13
or —2y —5z=1

25) 3v —4y+22=1
20 +3y—3z=—-1
r+loy—82=7

27) m+6n+3p=2_8
3m-+4n=-—3
Sm+TTn=1

29) —2w+2r+2y—22=-10
wWH+rT+y+z2=—95
SwH2r+2y+42=1
w+3r —2y+22=—-6

3Yw+zr+y+2=2
w+2r+2y+4z=1
—w+r—y—2=—06
—w+3r+y—z2=—2

2)2x+3y=2—1
dr=8z—1
oYy+7z=—-1

Hrxt+y+z=2
6z —4y + 52 =31
or +2y+22=13

6) xt—y+2z=-3
r+2y+3z=4
2r+y+z=-3

8) z+y—2=0
r+2y—42=0
20+y+2=0

10) z 42y —2=4
dr —3y+2=28



br —y=12 24) 20 —3y+52=1

12) 4z + 12y +162=4 Jr+2y —z=4
3r+4y+52=3 do+Ty—Tz2="7
r+8y+1lz=1

26) 2r+y==z

14) 4dx + 12y + 162 =0 Lo+ 2= Ay
3rx+4y+52=0 a1
r+8y+112=0 y

16) p+qg+r=1 28) 3z 42y =2+2
p+2q+3r=4 y=1-2z
Adp+5q+6r="7 3z=—2y

18) x+2y —32=9

—w+r+y—z=—4

Jr—y—4z=3
w+T+y+z=22
20) 4o —Ty+3z=1 WA T—y—z=—4
3r+y—2z=4
dr =Ty +32=6 R2) w+r—y+2=0

22) 3z +y—2=10
8r —y—62=—-3
or —2y —5z=1
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4.4

10) o solutions

11) (19,0, — 13)

12)

13) (0,0,0)

14) o solutions
15) (2, 2, —2)
16) o< solutions
17)(—1,2—3)
18)(— 1,2, —2)
19) (0,2,1)

20)
21) (10,2, 3)
22)

no solution

no solution

o solutions

Answers - Solving Equations with three Variables

23) (2,3,1)

24) o solutions

)
)
25) no solutions
26) (1,2,4)
)

27) (— 25,19, — 25)
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